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Exact diagonalization  

In linear algebra, a square matrix M is called diagonalizable if it is similar to a diagonal matrix. 

Wikipedia

Writing P as a block matrix of its column vector   P = (~↵1 ~↵2 · · · ~↵n)

In general, no analytic solution can be found for n > 4     →      Numerical method !!!

- LAPACK, GSL
- Mathematica, Matlab
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- Memory or speed problem for                      →      Parallel Lanczos method.

- Lanczos method  
   • Matrix-vector multiplications are implemented iteratively until eigenvalues converge to the 
desired accuracy.  
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However, for finding several (<10) low-energy eigenvalues & eigenvectors of a sparse matrix 

M, the Lanczos method allows much faster computations.

n � 106

Exact diagonalization  
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A common theme in all branches of quantum physics is to identify the eigenenergy & eigenstates 
of Hamiltonian.

Exact diagonalization in Quantum Physics
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- Schrödinger Equation
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1) Construct H matrix.
2) Diagonalize H matrix.

- In many-body condensed matter systems, 
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Exact diagonalization in Condensed Matter :  Present Day Limits

・Fractional Quantum Hall Effect 

             up to 16-20 electrons  :  100 million basis states

・Spin S=1/2 models  

             40 spins square lattice :  1000 million basis states 

・t-J models 

             32 sites square lattice with 4 holes :  2000 million basis states 

・Hubbard models  

              20 sites square lattice at half filling :  10 billion basis states 
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Why we are interested in “large” system ? 

- We want to know the physics of the many-body system with N ~ 1023  exactly not 
  approximately, which is not possible by using “classical” computer. 

- If we reveal unknown many-body physics in finite system with N ~ 10 via exact diagonalization, 
and further, it remains with increasing the number of particle (finite size scaling), then, we can 
argue that the uncovered many-body physics would emerge in thermodynamic limit with N ~ 
1023.  
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Hall effect (classical)  (Edwin Hall, 1879)
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acteristic voltages (see Fig. 5). The first, V , was the volt-
age along the current path, which, when divided by the
current, represented the electrical resistance R of the
material. The second, VH , was the voltage across the
current path, which was expected to be zero since the
current ran perpendicular to it. This was indeed Hall’s
observation until he applied a magnetic field B vertical
to the metal sheet. It gave rise to a nonzero voltage VH
across the current path. From his different experiments,
Hall deduced that VH was proportional to the current I
and proportional to the magnetic field B. Hence, denot-
ing VH /I as an electrical resistance RH yielded RH!B .
Ever since this effect has been known as the Hall effect.

The associated voltage VH is the Hall voltage, which,
when divided by the current I, becomes the Hall resis-
tance RH .

The origin of the Hall effect is classical electrodynam-
ics. The presence of the magnetic field exerts a sideward
force (Lorentz force) onto the electrons, which, on av-
erage, had been moving in the direction of the current.
They are pushed toward one side of the specimen (de-
pending on the direction of the magnetic field), giving
rise to a charge accumulation on one side as compared
with the other. This accumulation of charge ultimately
results in the appearance of a voltage across the current
path. Obviously, the higher the field, the bigger the
push, the bigger RH . But also, the lower the density of
electrons, the higher RH . This sounds initially counter-
intuitive, but is rather simple, too. To generate the same
current, fewer electrons need to travel faster. Faster
electrons experience a stronger Lorenz force and create
a bigger VH and, hence, a bigger RH .

In its final form RH!B/(ne), where n is the electron
density per cm2 (unit area) in the sample, which is equal
to the electron density N per cm3 (unit volume) times
the thickness of the specimen, and e is the elementary
charge of an electron. Notice that no other electron pa-
rameter, such as its mass, nor any of the material param-
eters are entering—only the electron density. Most re-
markably, RH does not depend on the shape of the
specimen. In fact, even a set of holes drilled into the
specimen would not alter the result. A perforated metal
sheet shows the same Hall resistance as a perfect sheet,
as long as all electrical contacts remain mutually con-
nected. Due to its independence from all intrinsic and
extrinsic parameters, the Hall effect has become a stan-
dard tool for the determination of the density of free
electrons in electrical conductors. In particular, the elec-
tron density of semiconductors, which can vary widely,
depending on preparation, is measured via the Hall ef-
fect.

In 1879 Edwin Hall discovered that in a normal con-
ductor the resistance RH depends linearly on the
strength B of the magnetic field (see Fig. 6). In 1980
Klaus von Klitzing discovered that, for the case of two-
dimensional electron systems, the dependence is very
different.

THE INTEGRAL QUANTUM HALL EFFECT

Perform a Hall experiment at the low temperature of
liquid He ("4 K) in a very high magnetic field ("10 T)
on the two-dimensional electron system of a Si
MOSFET and you will find a stepwise dependence of
the Hall resistance on magnetic field, rather than Edwin
Hall’s linear relationship (see Fig. 7). Yet more surpris-
ingly, the value of RH at the position of the plateaus of
the steps is quantized to a few parts per billion (!) to
RH!h/(ie2), where i is an integer and h is Planck’s con-
stant (RH#25.812 . . . k$ for i!1). In 1990, h/e2, the
quantum of resistance, as measured reproducibly to
eight significant digits via this integral quantum Hall ef-
fect (IQHE), became the world’s new resistance stan-

FIG. 4. Today’s Bell Labs ultra-high-purity molecular beam
epitaxy equipment with Loren Pfeiffer (center right) and Ken
West (center left), who are synthesizing the world’s highest-
mobility material. They are joined by Kirk Baldwin (left), who
has worked with me for almost 20 years, and Amir Yacoby
(right), a postdoc who worked on one-dimensional wires.

FIG. 5. Geometry for measurement of the magnetoresistance
R and the Hall resistance RH as a function of the current I and
magnetic field B. V represents the longitudinal voltage,
which is dropping along the current path, and VH the Hall
voltage, which is dropping perpendicular to the current path.
The electron density per cm2 is denoted as n and the charge of
the electron as e. The black dots represent electrons that are
forced toward one side of the bar following the Lorentz force
from the magnetic field.

878 Horst L. Stormer: The fractional quantum Hall effect

Rev. Mod. Phys., Vol. 71, No. 4, July 1999

- The origin is from the classical electrodynamics. 

-  In a normal conductor the Hall resistance is linearly proportional to the 
strength B of the magnetic field.

H. L. Stormer,  RMP (1999) 
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- In two-dimensional electron system,           is quantized to                                      .  
   
- Simultaneously the R drops to vanishingly small values.  

Integer quantum Hall effect (IQHE)   (Klaus von Klitzing, 1980)
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dard. Concomitant with the quantization of RH , the
magnetoresistance R drops to vanishingly small values.
This is another hallmark of the IQHE and both are di-
rectly related.

Why are two-dimensional systems (2DESs) so differ-
ent? And what is the origin of the steps and minima?
Classically, electrons in a high magnetic field are forced
onto circular orbits, following the Lorentz force. Quan-
tum mechanically, there exists only a discrete set of al-
lowed orbits at a discrete set of energies. The situation is

not unlike the discrete set of orbits that arise in an atom.
Energetically, these so-called Landau levels represent an
equally spaced ladder of states having energies, Ei!(i
" 1

2 )heB/(2!m) (i!1,2,3, . . . ), proportional to the
magnetic field B. Here m is the electron mass and h is
Planck’s constant. (Throughout this lecture we are ne-
glecting the effects due to the electron spin. It simplifies
the discussion without much loss of generality.) Elec-
trons can only reside at these energies, but not in the
large energy gaps in between. The existence of the gaps
is crucial for the occurrence of the IQHE. Here 2DESs
differ decisively from electrons in three dimensions. Mo-
tion in the third dimension, along the magnetic field, can
add any amount of energy to the energy of the Landau
levels. Therefore, in three dimensions, the energy gaps
are filled up and hence eliminated, preventing the quan-
tum Hall effect from occurring. In 2DESs, in addition to
the existence of energy gaps, the number of electrons
fitting into each Landau level is exactly quantized. It
reflects the number d of orbits that can be packed per
Landau level into each cm2 of the specimen. This turns
out to be d!eB/h . Notice that this capacity per Landau
level, also called its degeneracy, apart from natural con-
stants, depends only on the magnetic field B. None of
the materials parameters enters in any way. It is there-
fore a universal measure, independent of the material
employed.

Let the sample have a fixed 2D electron density n. At
low temperatures, where all electrons try to fall into the
energetically lowest available states, and in a sufficiently
high magnetic field, all electrons fit into the lowest Lan-
dau level, filling it only partially. As the field is lowered,
the capacity of the Landau levels shrink according to d
!eB/h . At B1!nh/e the lowest Landau level is exactly
full. Any further reduction of the field requires the first
electron to leave the lowest Landau level and jump
across the energy gap to the next higher Landau level at
an energy cost of heB1 /(2!m). Reducing the field to
B2!(nh/e)/2!B1/2 fills two Landau levels, and the first
electron has to move to the third level, etc. This creates
a sequence of fields Bi!(nh/e)/i , at which all electrons
fill up an exact number of Landau levels, keeping all
higher Landau levels exactly empty. At these special
points on the magnetic-field axis, the magnetoresistance
R drops momentarily and the Hall resistance RH as-
sumes a set of very special values. Using RH!B/(ne)
from the classical Hall resistance and inserting the val-
ues of the sequence of distinctive fields Bi into the equa-
tion results in a quantized Hall resistance of RH
!h/(ie2), i!1,2,3 . . . . While this is the desired result,
it does not account for the true hallmarks of the IQHE,
which are wide plateaus in RH and broad minima in R.

According to the above derivation, RH would take on
its quantized value only at very precise positions Bi of
magnetic field. This would be a poor basis for a stan-
dard, since the precision to which RH assumes one of the
quantized values would depend on the precision to
which one could determine B. In reality, in the IQHE,
the Hall resistance RH assumes the quantized values
over extended regions of B around Bi .

FIG. 6. Edwin Hall’s Hall data of 1878 as plotted from a table
in his publication. The vertical axis is proportional to the Hall
voltage VH of Fig. 5 and the horizontal axis is proportional to
the magnetic field of Fig. 5. A linear relationship between VH
and B and hence between RH and B is apparent. Since the
days of Edwin Hall, this strictly linear relationship has been
confirmed by many, much more precise experiments.

FIG. 7. The integral quantum Hall effect. Left panel: original
data of the discovery of the integral quantum Hall effect
(IQHE) by Klaus von Klitzing in 1980 in the two-dimensional
electron system of a silicon MOSFET transistor. Instead of a
smooth curve, he observed plateaus in the Hall voltage (UH)
and found concomitant deep minima in the magnetoresistance
(UPP). The horizontal axis represents gate voltage (VG),
which varies the carrier density n. The right panel shows
equivalent data taken on a two-dimensional electron system in
GaAs/AlGaAs. Since these data are plotted vs magnetic field,
they can directly be compared to Edwin Hall’s data of Fig. 6.
Rather than the linear dependence of the Hall resistance on
magnetic field of Fig. 6, these data show wide plateaus in RH
and in addition deep minima in R.
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Fig. 3. Typical shape and cross-section of a GaAs-Al xG al-xAs hcterostructure used for Hall effect
measurements.

For electrical measurements on a 2DEG, heavily doped n+-contacts at the
semiconductor surface are used as current contacts and potential probes. The
shape of a typical sample used for QHE-experiments (GaAs-heterostructure) is
shown in Fig. 3. The electrical current is flowing through the surface channel,
since the fully depleted AlxGal-xAs acts as an insulator (the same is true for the
SiO 2 of a MOSFET) and the p-type semiconductor is electrically separated
from the 2DEG by a p-n junction. It should be noted that the sample shown in
Fig. 3 is basically identical with new devices which may be important for the
next computer generation [6]. Measurements related to the Quantized Hall
Effect which include an analysis and characterization of the 2DEG are there-
fore important for the development of devices, too.

3. Quantum Transport of a 2DEG in Strong Magnetic Fields
A strong magnetic field B with a component Bz, normal to the interface causes
the electrons in the two-dimensional layer to move in cyclotron orbits parallel
to the surface. As a consequence of the orbital quantization the energy levels of
the 2DEG can be written schematically in the form

with the cyclotron energy ho, = heB/m *, the spin quantum numbers s = ±1/2

the Landé factor g and the Bohr magneton µB 

The wave function of a 2DEG in a strong magnetic field may be written in a
form where the y-coordinate y0 of the center of the cyclotron orbit is a good
quantum number [7].

?)=e ikxRl(Y-Yo) (5)

K. v. Klitzing (1985) 
T = 4K
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Fig. 6. Model for the broadened density of states of a 2 DEG in a strong magnetic field. Mobility
edges close to the center of the Landau levels separate extended states from localized states.

4. Experimental Data
Magnetoquantum transport measurements on two-dimensional systems are
known and published for more than 20 years. The first data were obtained with
silicon MOSFETs and at the beginning mainly results for the conductivity oXX
as a function of the carrier density (gate voltage) were analyzed. A typical
curve is shown in Fig. 7. The conductivity oscillates as a function of the filling
of the Landau levels and becomes zero at certain gate voltages Vg. In strong
magnetic fields CJ~ vanishes not only at a fixed value Vg but in a range AVs,  and
Kawaji was the first one who pointed out that some kind of immobile electrons
must be introduced [22], since the conductivity CY~  remains zero even if the
carrier density is changed. However, no reliable theory was available for a

discussion of localized electrons, whereas the peak value of oXX was well
explained by calculations based on the self-consistent Born approximation and
short-range scatterers which predict CJ~ ~ (n + l /2) independent of the
magnetic field.

The theory for the Hall conductivity is much more complicated, and in the
lowest approximation one expects that the Hall conductivity oXY deviates from

the classical curve oXYo = - y( hw ere ns is the total number of electrons in

the two-dimensional system per unit area) by an amount Ao,,, which depends
mainly on the third power of the density of states at the Fermi energy [23].

IQHE : single-particle physics

dard. Concomitant with the quantization of RH , the
magnetoresistance R drops to vanishingly small values.
This is another hallmark of the IQHE and both are di-
rectly related.

Why are two-dimensional systems (2DESs) so differ-
ent? And what is the origin of the steps and minima?
Classically, electrons in a high magnetic field are forced
onto circular orbits, following the Lorentz force. Quan-
tum mechanically, there exists only a discrete set of al-
lowed orbits at a discrete set of energies. The situation is

not unlike the discrete set of orbits that arise in an atom.
Energetically, these so-called Landau levels represent an
equally spaced ladder of states having energies, Ei!(i
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2 )heB/(2!m) (i!1,2,3, . . . ), proportional to the
magnetic field B. Here m is the electron mass and h is
Planck’s constant. (Throughout this lecture we are ne-
glecting the effects due to the electron spin. It simplifies
the discussion without much loss of generality.) Elec-
trons can only reside at these energies, but not in the
large energy gaps in between. The existence of the gaps
is crucial for the occurrence of the IQHE. Here 2DESs
differ decisively from electrons in three dimensions. Mo-
tion in the third dimension, along the magnetic field, can
add any amount of energy to the energy of the Landau
levels. Therefore, in three dimensions, the energy gaps
are filled up and hence eliminated, preventing the quan-
tum Hall effect from occurring. In 2DESs, in addition to
the existence of energy gaps, the number of electrons
fitting into each Landau level is exactly quantized. It
reflects the number d of orbits that can be packed per
Landau level into each cm2 of the specimen. This turns
out to be d!eB/h . Notice that this capacity per Landau
level, also called its degeneracy, apart from natural con-
stants, depends only on the magnetic field B. None of
the materials parameters enters in any way. It is there-
fore a universal measure, independent of the material
employed.

Let the sample have a fixed 2D electron density n. At
low temperatures, where all electrons try to fall into the
energetically lowest available states, and in a sufficiently
high magnetic field, all electrons fit into the lowest Lan-
dau level, filling it only partially. As the field is lowered,
the capacity of the Landau levels shrink according to d
!eB/h . At B1!nh/e the lowest Landau level is exactly
full. Any further reduction of the field requires the first
electron to leave the lowest Landau level and jump
across the energy gap to the next higher Landau level at
an energy cost of heB1 /(2!m). Reducing the field to
B2!(nh/e)/2!B1/2 fills two Landau levels, and the first
electron has to move to the third level, etc. This creates
a sequence of fields Bi!(nh/e)/i , at which all electrons
fill up an exact number of Landau levels, keeping all
higher Landau levels exactly empty. At these special
points on the magnetic-field axis, the magnetoresistance
R drops momentarily and the Hall resistance RH as-
sumes a set of very special values. Using RH!B/(ne)
from the classical Hall resistance and inserting the val-
ues of the sequence of distinctive fields Bi into the equa-
tion results in a quantized Hall resistance of RH
!h/(ie2), i!1,2,3 . . . . While this is the desired result,
it does not account for the true hallmarks of the IQHE,
which are wide plateaus in RH and broad minima in R.

According to the above derivation, RH would take on
its quantized value only at very precise positions Bi of
magnetic field. This would be a poor basis for a stan-
dard, since the precision to which RH assumes one of the
quantized values would depend on the precision to
which one could determine B. In reality, in the IQHE,
the Hall resistance RH assumes the quantized values
over extended regions of B around Bi .

FIG. 6. Edwin Hall’s Hall data of 1878 as plotted from a table
in his publication. The vertical axis is proportional to the Hall
voltage VH of Fig. 5 and the horizontal axis is proportional to
the magnetic field of Fig. 5. A linear relationship between VH
and B and hence between RH and B is apparent. Since the
days of Edwin Hall, this strictly linear relationship has been
confirmed by many, much more precise experiments.

FIG. 7. The integral quantum Hall effect. Left panel: original
data of the discovery of the integral quantum Hall effect
(IQHE) by Klaus von Klitzing in 1980 in the two-dimensional
electron system of a silicon MOSFET transistor. Instead of a
smooth curve, he observed plateaus in the Hall voltage (UH)
and found concomitant deep minima in the magnetoresistance
(UPP). The horizontal axis represents gate voltage (VG),
which varies the carrier density n. The right panel shows
equivalent data taken on a two-dimensional electron system in
GaAs/AlGaAs. Since these data are plotted vs magnetic field,
they can directly be compared to Edwin Hall’s data of Fig. 6.
Rather than the linear dependence of the Hall resistance on
magnetic field of Fig. 6, these data show wide plateaus in RH
and in addition deep minima in R.
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 The FQHE can no longer be understood on the basis of the behavior of individual electrons.
   - All magnetic-field-induced energy gaps emerged as integral quantization of the            .           

Fractional quantum Hall effect (FQHE)  (D. Tsui & H. L. Stormer, 1982) 
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μ=90,000cm2/Vs, T=1.5K

RH =
h

fe2

f : rational fraction

RH
Other energy gaps, at fractional filling of a “Landau” level, must be of a different origin.                                                                                        

➞ Many-particle effects : electronic correlation

ing the familiar, flat plateaus (see top Fig. 9). A remark-
able feature occurred at B!15 T: the Hall trace started
to deviate from the originally straight line, showing a
behavior not unlike that observed in the IQHE at the
higher temperature of 4.2 K. This feature was totally
unexpected. Beyond the emergence of a plateau in RH ,
the magnetoresistance R seemed to exhibit a concomi-
tant minimum (see bottom Fig. 9).

The IQHE, arising from exact filling of Landau levels,
could not have been at work, since above B!5 T the
lowest level was only partially occupied. Furthermore,
the Hall resistance in the vicinity of this change in slope
far exceeded the largest possible of IQHE resistances of
RH!h/e2!25 k". Lightheartedly, Dan Tsui enclosed
the distance between B!0 and the position of the last
IQHE (#7 cm) between two fingers of one hand and
measured the position of the new feature in this unit. He
determined it to be three and exclaimed, ‘‘quarks!’’ Al-
though obviously joking, with finely honed intuition, he
had hit on the very essence of the data.

Following Laughlin’s gedanken experiment and ac-
cepting quantization of the Hall resistance to measure
the charge of the particle, a plateau three times as high

as the last IQHE plateau meant the appearance of a
charge q!$0 /(3h/e2)!e/3. Obviously, our low-
temperature, low-energy experiment (milli-eV, not
Millions-eV) could not have generated anything even
remotely related to quarks (subnuclear particles en-
dowed with 1/3 charge), but, as it turned out, the impli-
cation of some kind of fractionally charged particle was
dead right. At the time, we did not know what we had
discovered. The paper on the findings (see Fig. 10), pub-
lished in March 1982 in Physical Review Letters with
Tsui, Stormer, and Gossard as authors, speculated on its
being a signature of a Wigner solid or equivalent, but
the paper also remarked on a fractional charge. No pho-
tographs exist from the days of October 1981. However,
Fig. 11 is a record of our first ultra-low-temperature
ultra-high-magnetic-field run at the Francis Bitter Na-
tional Magnet Lab at MIT.

Origin

The IQHE can be understood solely on the basis of
the quantized motion of individual 2D electrons in the
presence of a magnetic field and random fluctuations of
the interface potential which creates localized states.
The existence of all fellow electrons enters only in the
simplest of ways—as a filler of empty states of the Lan-

FIG. 9. Data of October 7, 1981, on the specimen # 6-19-81(3)
(see Fig. 8) on millimeter paper. The top panel shows the Hall
resistance RH at temperatures 4.2 K and 1.5 K vs magnetic
field B. The bottom panel shows the magneto resistance R vs B
at similar temperatures. 1 T is equivalent to #1.5 cm. Features
at #3 cm and #7 cm are due to the IQHE. Weaker features at
#21 cm are due to the FQHE. The scribbles in the top panel
are from reuse of the millimeter paper for data reduction from
other traces.

FIG. 10. First publication on the FQHE. Hall resistance data
(here %xy) and magnetoresistance data (here %xx) are from the
same specimen as in Fig. 9. The filling factor & of the Landau
level is indicated on the top. The features at &!1,2,3, . . . are
due to the IQHE. The features at &!1/3 are due to the FQHE.
Sample dimensions and sample temperatures are indicated.
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being fermions they are prevented from condensing into
the lowest energy state. Instead, they fill up successively
the sequence of lowest-lying energy states, until a maxi-
mum is reached and all CFs have been accommodated.
The process is equivalent to the filling of states by elec-
trons at B!0. Hence, from the point of view of CFs, the
!!1/2 state appears equivalent to the case for electrons
at B!0. In spite of the huge external magnetic field at
half filling of the Landau level, CFs are moving in a
similar fashion to electrons moving in zero field. This
has been directly observed in experiment. Flux quantum
attachment has transformed these earlier electrons and
they are propagating along straight trajectories in a high
magnetic field, where normal electrons would orbit on
very tight circles. The mass of a CF, usually considered
to be a property of the particle, is unrelated to the mass
of the underlying electron. Instead, the mass depends on
the magnetic field and only on the magnetic field. In
fact, it is a mass of purely many-particle origin, arising
solely from interactions, rather than being a property of
any individual particle. It is another one of these baffling
implications of e-e interactions in high magnetic fields.
The absence of condensation and the lack of an energy
gap prevents the !!1/2 state from showing a quantized
Hall resistance. Instead the Hall line is featureless, just
as it is for electrons around B!0 (see Fig. 18).

The difference between !!1/3 and !!1/2 is striking.
One is a Bose-condensed many-particle state showing a
quantized Hall effect and giving rise to fractionally
charged particles. The other is a Fermi sea, in spite of
the existence of a huge external field, and its particles
have a mass that arises from interactions. One flux quan-
tum per electron makes all the difference.

There are many fascinating open questions associated
with the !!1/2 state, such as: how does the mass vary
with energy for CFs? and what is the microscopic struc-
ture of the particles? Also, how does the electron spin
(which we were neglecting throughout this lecture) af-
fect CF formation? A beautiful picture of composite fer-
mions being tiny dipoles is emerging. While one of the
vortices is placed directly on the electron (Pauli prin-
ciple), the position of the second vortex is a bit displaced
from exact center, rendering the object an electric dipole
in the 2D plane. There is great promise for future dis-
covery and future theoretical insight.

All those other FQHE states

Bose condensation of CBs consisting of electrons and
an odd number of flux quanta rationalizes the appear-
ance of the FQHE at the primary fractions around
Landau-level filling factor !!i"1/q with quantized Hall
resistances RH!h/(ve2) and deep minima in the con-
comitant magnetoresistance R. However, a multitude of
other FQHE states have been discovered over the years.
Figure 18 shows one of the best of today’s experimental
traces on a specimen with a multimillion cm2/V sec mo-
bility. What is the origin of these other states? The com-
posite fermion model offers an extraordinarily lucid pic-
ture. We shall discuss it for the sequence of prominent
fractions 2/5, 3/7, 4/9, 5/11, . . . and 2/3, 3/5, 4/7, 5/9, . . .
(i.e., !!p/(2p"1), p!2,3,4 . . . ) around !!1/2.

At half filling the electron system has been trans-
formed into CFs consisting of electrons which carry two
magnetic flux quanta. All of the external magnetic field
has been incorporated into the particles and they reside
in an apparently field-free 2D plane. Since they are fer-
mions, the system of CFs at !!1/2 resembles a system of
electrons of the same density at B!0. What happens as
the magnetic field deviates from B!0? For electrons
their motion becomes quantized into electron-Landau
orbits. They fill up their electron-Landau levels, encoun-
ter the energy gaps, and exhibit the well-known
IQHE. CFs around !!1/2 follow the same route. As
the magnetic field deviates from exactly !!1/2, the mo-
tion of CFs becomes quantized into CF-Landau orbits.
They fill up their CF-Landau levels, encounter CF-
energy gaps, and exhibit an IQHE. However, this is not
an IQHE of electrons, but an IQHE of CFs. This IQHE
of CFs arises exactly at !!p/(2p"1), which are the
positions of the FQHE features. In fact, the oscillating
features in the magnetoresistance R of the FQHE
around !!1/2 closely resemble the oscillating features
in R around B!0 and, once they have been shifted from
B!0 to !!1/2, they coincide with their position. This is
very remarkable in several ways.

CFs ‘‘survive’’ the additional (effective) magnetic field
(away from !!1/2), and the orbits of these composite
particles mimic the orbits of electrons in the equivalent
magnetic field in the vicinity of B!0. The CFs remain
‘‘good’’ particles. In this way, a complex electron many-
particle problem at some rational fractional filling factor
has been reduced to a single-particle problem at integer

FIG. 18. The FQHE as it appears today in ultrahigh-mobility
modulation-doped GaAs/AlGaAs 2DESs. Many fractions are
visible. The most prominent sequence, !!p/(2p"1), con-
verges toward !!1/2 and is discussed in the text.
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FQHE  : Many-body physics 

- Many-particle correlation sometimes becomes the essence of a physical effect  
    ➞ emergence  :   superconductivity, superfluidity & FQHE 

H =
X

j

1

2mb


~
i
rj +

e

c
A(rj)

�2
+

e2

✏

X

j<k

1

|rj � rk|
+
X

j

U(rj) + gµB · S

VC ⌘ e2

✏l
⇡ 50

p
B[T ]K~!c = ~ eB

mbc
⇡ 20B[T ]K EZ = 2gµB · S =

g

2

mb

me
~!c ⇡ 0.3B[T]K

H =
X

j

1

2mb


~
i
rj +

e

c
A(rj)

�2
+

e2

✏

X

j<k

1

|rj � rk|

- Many-Body Hamiltonian in the presence of the magnetic field

�����
������	�



For           ,  2p=2,  &               ,    CF wavefunction reproduces Laughlin wavefunction.

For              ,

Composite Fermion (CF)      J. K. Jain, PRL (1989)

The 5th KIAS CAC Summer School on Parallel Computing

Laughlin’s ansatz       R. B. Laughlin, PRL (1983)
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Numerical verification - Exact diagonalization 
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J. K. Jain and R. K. Kamilla (1998)

- Comparison of spectra obtained from 
  exact diagonalization (dashes) and CF 
  theory (dots). 
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FQHE in Second Landau level
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being fermions they are prevented from condensing into
the lowest energy state. Instead, they fill up successively
the sequence of lowest-lying energy states, until a maxi-
mum is reached and all CFs have been accommodated.
The process is equivalent to the filling of states by elec-
trons at B!0. Hence, from the point of view of CFs, the
!!1/2 state appears equivalent to the case for electrons
at B!0. In spite of the huge external magnetic field at
half filling of the Landau level, CFs are moving in a
similar fashion to electrons moving in zero field. This
has been directly observed in experiment. Flux quantum
attachment has transformed these earlier electrons and
they are propagating along straight trajectories in a high
magnetic field, where normal electrons would orbit on
very tight circles. The mass of a CF, usually considered
to be a property of the particle, is unrelated to the mass
of the underlying electron. Instead, the mass depends on
the magnetic field and only on the magnetic field. In
fact, it is a mass of purely many-particle origin, arising
solely from interactions, rather than being a property of
any individual particle. It is another one of these baffling
implications of e-e interactions in high magnetic fields.
The absence of condensation and the lack of an energy
gap prevents the !!1/2 state from showing a quantized
Hall resistance. Instead the Hall line is featureless, just
as it is for electrons around B!0 (see Fig. 18).

The difference between !!1/3 and !!1/2 is striking.
One is a Bose-condensed many-particle state showing a
quantized Hall effect and giving rise to fractionally
charged particles. The other is a Fermi sea, in spite of
the existence of a huge external field, and its particles
have a mass that arises from interactions. One flux quan-
tum per electron makes all the difference.

There are many fascinating open questions associated
with the !!1/2 state, such as: how does the mass vary
with energy for CFs? and what is the microscopic struc-
ture of the particles? Also, how does the electron spin
(which we were neglecting throughout this lecture) af-
fect CF formation? A beautiful picture of composite fer-
mions being tiny dipoles is emerging. While one of the
vortices is placed directly on the electron (Pauli prin-
ciple), the position of the second vortex is a bit displaced
from exact center, rendering the object an electric dipole
in the 2D plane. There is great promise for future dis-
covery and future theoretical insight.

All those other FQHE states

Bose condensation of CBs consisting of electrons and
an odd number of flux quanta rationalizes the appear-
ance of the FQHE at the primary fractions around
Landau-level filling factor !!i"1/q with quantized Hall
resistances RH!h/(ve2) and deep minima in the con-
comitant magnetoresistance R. However, a multitude of
other FQHE states have been discovered over the years.
Figure 18 shows one of the best of today’s experimental
traces on a specimen with a multimillion cm2/V sec mo-
bility. What is the origin of these other states? The com-
posite fermion model offers an extraordinarily lucid pic-
ture. We shall discuss it for the sequence of prominent
fractions 2/5, 3/7, 4/9, 5/11, . . . and 2/3, 3/5, 4/7, 5/9, . . .
(i.e., !!p/(2p"1), p!2,3,4 . . . ) around !!1/2.

At half filling the electron system has been trans-
formed into CFs consisting of electrons which carry two
magnetic flux quanta. All of the external magnetic field
has been incorporated into the particles and they reside
in an apparently field-free 2D plane. Since they are fer-
mions, the system of CFs at !!1/2 resembles a system of
electrons of the same density at B!0. What happens as
the magnetic field deviates from B!0? For electrons
their motion becomes quantized into electron-Landau
orbits. They fill up their electron-Landau levels, encoun-
ter the energy gaps, and exhibit the well-known
IQHE. CFs around !!1/2 follow the same route. As
the magnetic field deviates from exactly !!1/2, the mo-
tion of CFs becomes quantized into CF-Landau orbits.
They fill up their CF-Landau levels, encounter CF-
energy gaps, and exhibit an IQHE. However, this is not
an IQHE of electrons, but an IQHE of CFs. This IQHE
of CFs arises exactly at !!p/(2p"1), which are the
positions of the FQHE features. In fact, the oscillating
features in the magnetoresistance R of the FQHE
around !!1/2 closely resemble the oscillating features
in R around B!0 and, once they have been shifted from
B!0 to !!1/2, they coincide with their position. This is
very remarkable in several ways.

CFs ‘‘survive’’ the additional (effective) magnetic field
(away from !!1/2), and the orbits of these composite
particles mimic the orbits of electrons in the equivalent
magnetic field in the vicinity of B!0. The CFs remain
‘‘good’’ particles. In this way, a complex electron many-
particle problem at some rational fractional filling factor
has been reduced to a single-particle problem at integer

FIG. 18. The FQHE as it appears today in ultrahigh-mobility
modulation-doped GaAs/AlGaAs 2DESs. Many fractions are
visible. The most prominent sequence, !!p/(2p"1), con-
verges toward !!1/2 and is discussed in the text.
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very low temperatures underscores the fragility of these
phases. In the ‘‘windows’’ between these pinned elec-
tronic states, along the stretches of a steadily rising
classical Hall line, so far only the ! ! 3" 1=5 and 4#
1=5 FQHE (equivalently ! ! 2" 1=5 and 3# 1=5) ap-
peared, apart from the prominent even-denominator
states at half fillings. These observations indicate that
the FQHE liquids in the second LL have largely given
way to insulating electronic many particle states.

Our recent data, presented in this Letter, point to a yet
more complex state of affairs in the second LL. At very
low temperatures of 9 mK in a very high-mobility 2DES
specimen, we observe several new FQHE liquid states
competing with the RIQHE states. In fact, while present
at higher temperatures, some FQHE states seem to be
destroyed by the RIQHE at lower temperatures. We ob-
serve well quantized FQHE states at ! ! 2" 1=3 and
2" 2=3 in coexistence with the RIQHE and, quite im-
portantly, a new, clearly quantized FQHE state at ! !
2" 2=5, the nature of such a state being theoretically
intensely debated. Finally, there is evidence for the pres-
ence of a second even-denominator FQHE at a filling of
! ! 2" 3=8 in our data whose origin is also enigmatic.

In our experiments we used a 30 nm wide quantum
well that is delta-doped on both sides of the well at a
setback distance of 100 nm. The electron density is n!
3$1011 cm#2 and the mobility is "!31$106 cm2=Vs.
These values are established after illumination of the
specimen with a red light emitting diode at low tempera-
tures. The ultra-low-temperature experiments were car-
ried out in a demagnetization-dilution refrigerator
combination described in Ref. [10].

Figure 1 shows the diagonal resistance and the Hall
resistance between filling factor ! ! 2 and 3, taken at the
base temperature of T ! 9 mK. At the extremes of the
horizontal axis the standard quantized Hall plateaus in
Rxy and vanishing resistance in Rxx are just visible.
Between these field values, Rxx exhibits the typical spiky
behavior seen in low-temperature measurements on
2DES. The Hall trace, however, is very unusual. Instead
of moving monotonically and in a stairlike fashion from
h=3e2 to h=2e2, Rxy along several stretches of filling
factor returns to the value of the neighboring IQHE
plateaus. These are the features of the RIQHE. In between
the RIQHE we observe now several plateaus with frac-
tional quantum number: (1) Fully developed FQHE states
are observed at !!2"1=2, 2"1=3, and 2"2=3, all
having wide Hall plateaus quantized to better than one
part in 104. (2) For the first time, a fully developed FQHE
state at !!2"2=5 is observed, showing a quantized Hall
plateau and vanishingly small Rxx. (3) A new even-
denominator FQHE state seems to be developing at !!
2"3=8 as deduced from a deep minimum in Rxx and a
Hall plateau value within 0.2% of Rxy!h=e2=%2"3=8&.
(4) One of the RIQHE plateaus is split into two plateaus
around B' 5:7 T, corresponding to filling factor ! ! 2"

2=7, where simultaneously a minimum occurs in Rxx.
These features signal a complex competition between
the FQHE state and the RIQHE state. (5) Finally, a strong
!!2"4=5 FQHE state is seen at B' 4:6 T . At 9 mK,
there is no FQHE at !!2"1=5. Rather Rxx shows a peak.
The rising Hall resistance at the B field just below !!2"
1=5 seems to indicate that another RIQHE is developing.

The fully developed ! ! 2" 2=5 FQHE state is ob-
served for the first time. At our lowest temperature of
9 mK the accuracy of the Rxy quantization is better than
0.02% (using Rxy at ! ! 5=2 as a reference) and Rxx

reaches a low value of '5 ohm [Fig. 2(a)]. The formation
of a true FQHE state is corroborated by the temperature
dependence of dRxy=dB which reaches zero at '10 mK,
as shown in Fig. 2(c). The energy gap of this new state is
'70 mK as determined from the T dependence of Rxx in
Fig. 2(b).

The energy gap of the new ! ! 2" 2=5 state is dis-
proportionately small. In the lowest LL, the energy gap of
the 2=5 state is about half of the gap at ! ! 1=3 [19],
whereas in this second LL, the energy gap at 2=5 is only
1=10 of that at ! ! 1=3 (!7=3 ' 0:6 K). As to its origin, a
first assumption would be the ! ! 2" 2=5 state to be a
hierarchical daughter state of the ! ! 2" 1=3 state, as in
the lowest LL [20]. However, Read and Rezayi [21] found,
for coulombic interactions, vanishing overlap of such a
hierarchical state with the exact ground state. This result
is corroborated in a numerical study by Morf and
d’Ambrumenil [22], which determined that no hierarch-
ical state was stable between ! ! 2" 2=3 and 2" 1=3.
Also within the CF model the traditional ! ! 2" 2=5
state is unstable as seen from the collapse of its neutral
excitation in numerics [23]. Taken together, these studies

FIG. 1. Rxx and Rxy between ! ! 2 and ! ! 3 at 9 mK. Major
FQHE states are marked by arrows. The horizontal lines show
the expected Hall value of each QHE state. The dotted line is
the calculated classical Hall resistance.
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By Tom Simonite on June 10, 2014

Digital Summit: Microsoft’s Quantum Search
for the “Next Transistor”
Microsoft is investing in quantum physics research that could lead to a
whole new kind of computer.

Microsoft is making a significant investment in creating a practical version of the basic component

needed to build a quantum computer, the company’s head of research said Monday.

Speaking at MIT Technology Review’s Digital Summit event in San Francisco, Peter Lee likened the effort

to research at Bell Labs in the 1940s that produced the silicon transistor, the basis of all computing

today. “This is our attempt to find the analogous device to the transistor,” said Lee.

In an interview, he told MIT Technology Review that Microsoft had previously kept its quantum effort

relatively quiet, but that positive results have convinced him to be more open. “One reason we’ve been a

little cagey is that early on this was a fringe effort—now the physics community takes us seriously,” he

said. “We are very serious about our quantum physics research and we’re expanding.”

Microsoft has a dedicated quantum computing research lab, known as Station Q, on the campus of

University of California, Santa Barbara. It has also been supporting labs around the world with grants and

donations of tools to aid research.

A quantum computer should be able to complete calculations that are effectively impossible for any

conventional machine today. None has ever been built. Although the Canadian company D-Wave

Systems has sold several machines it says are quantum computers, experts say there is still no definitive

proof that they exploit quantum principles and can beat conventional machines (see “The CIA and Jeff

Bezos Bet on Quantum Computing”).

Microsoft is not currently attempting to build a quantum computer. Rather, its research effort is aimed at

developing a reliable version of the qubit, the key building block of a quantum computer.

Just like a transistor in a conventional computer, a qubit can switch between states that represent

either a 1 or 0 of digital data. But a qubit can also exploit quantum effects to reach a “superposition

state” that is both 1 and 0 at the same time. That would allow a quantum computer to process data

many times faster than any conventional computer.
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Researchers have built qubits of different designs and even used small numbers of them together for

very basic calculations. But none are able to maintain a superposition state very reliably, making them

impractical for anyone hoping to build a computer of any size. “We believe that current approaches will

never scale,” said Lee.

Microsoft’s research focuses on a type of qubit known as a topological qubit that theory suggests would

encode data in a much more robust way.

The theoretical basis of topological qubits was first sketched out at UC Santa Barbara roughly eight

years ago, says Lee. Then, around four years ago, Microsoft researchers led work to pose a series of key

tests that could show whether those ideas could work in reality. Microsoft funded several labs around

the world to work on those questions, says Lee. “Two years ago the results started to come in positive.”

Work is now underway to actually build a working topological qubit. To support that effort, Microsoft has

developed specialized tools for quantum experiments and given them to the academic community.

Those tools range from cloud simulation platforms for theoretical work to new types of electronics for

use in the super-cooled temperatures of quantum hardware experiments.

Meanwhile, Microsoft is already looking ahead to explore what could be done with a system of

topological qubits once they are built. “Supposing that one day we have a quantum machine: would it be

good for anything?” says Lee. “Today we have clear ideas in classical computing about problems we can

solve but it’s very hard to conceive what’s possible with one of these theoretical machines.”
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Exact diagonalization in Torus (1)

The 5th KIAS CAC Summer School on Parallel Computing

• For 1/2 bilayer FQH system with N=12 & NΦ = 24,  the size of H ~ 63million x 63million 
• For 1/3 bilayer FQH system with N=10 & NΦ = 30,  the size of H ~ 68million x 68million 

a

b

- Torus  ➞  rectangular (square) geometry with periodic boundary conditions

- The size of the Hamiltonian

no curvature effect

• For 1/2 single layer FQH system with N=14 & NΦ = 28,  the size of H ~ 0.1million x 0.1million 

�����
������	�



Exact diagonalization in Torus (2)

The 5th KIAS CAC Summer School on Parallel Computing

1) Construct H matrix.
2) Diagonalize H matrix.

- Construction of H 

   • Find all possible many-body degenerate states in a Landau level 

     of Hkinetic  (w/o HCoulomb)  satisfying a certain momentum   ➞   Basis 

   • The number of the basis   ➞   The size of the Hamiltonian matrix. 

   • Evaluate the 
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Numerical evidence
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FIG. 3. The low-lying spectrum (relative to the variational en-
ergy of the MR state) plotted vs dV1 for the n ! 1; the inset
shows this for the n ! 0 LL. The Coulomb point is dV1 ! 0.
The energies are scaled by the bandwidth of the two-particle
system. The region between the arrows is the strong pairing
regime.

on the sphere, and in those geometries on the torus where
the most compact Fermi sea has 180±-rotation symmetry,
so the CF state has the same K as the MR state.
The hallmark of compressible CF states is the sensitiv-

ity of the GS K to the PBC geometry. For example, the
Fermi surface for 10 electrons with the square PBC does
not have 180±-rotation symmetry and has a K different
from the MR state. A sharp transition is seen in this case
(Fig. 4). As Figs. 1 and 4 clearly demonstrate, the evo-
lution to the CF state is strongly dependent on geometry
while the transition to the striped phase is not. We believe
this rules out a first-order transition to the CF liquid state.
The picture most consistent with our studies is that, after
the first-order transition to the paired state, the system may
always be paired, and smoothly crosses over from a strong
to a weak pairing regime as the interaction is varied. In
the weak pairing regime, such a system would exhibit CF
Fermi-liquid behavior at energy scales and temperatures
above the gap and paired quantum Hall behavior below
the gap; finite-size effects in our calculations will mask a
very small gap. If true, this would eliminate the infrared
divergences of [3].
In agreement with this, we find substantial pairing char-

acter in the lowest Landau level for the Coulomb potential
in both spherical and toroidal geometries. For example,
on the sphere (with flux Nf ! 2N 2 3) we found that the
projections of the MR state on the exact ground state of the
Coulomb potential increases with system size (43%, 52%,
and 56% at N ! 12, 14, and 16), even though the rele-
vant L ! 0 Hilbert space grows twentyfold. This would
be consistent with weakly bound pairs that are larger than
the linear system size at small N; however, because we
cannot study larger N , we are unable to conclusively ex-
clude the possibility of a second-order (or even a weakly
first-order) phase transition to a gapless CF state.
We next turn to the compressible state seen to the left

of the transition in Figs. 1, 3, and 4. To show its char-

FIG. 4. Same as Fig. 1 but for a square unit cell. The inset
shows the excitation spectrum (the GS energy is subtracted) as a
function of dV1. The transition points are marked by the collapse
of the gap. In the striped phase (left portion), one recovers the
typical degeneracies seen in the n ! 2, 3 LL’s.

acter more clearly, we reduce V1 by 0.05 (about 10% of
its Coulomb value). Here, as in the Fermi-liquid state,
the GS K vector changes with size and geometry, indi-
cating that the state is compressible. We now consider
12 electrons in a rectangular unit cell and tune the aspect
ratio to 0.5. We find two strong peaks in the static guid-
ing center structure function S0!q" and in the charge sus-
ceptibility x!q" with ordering wave vector q! ! !1.1, 0"
which constitute the signature of the CDW stripe ordering
[11]. This system forms three stripes and the weight of the
single Slater determinant state with the occupation pattern
000011110000111100001111 is about 58%. Edge fluctua-
tions of stripes seem to be stronger here than in the higher
Landau levels; V1 has to be somewhat reduced below the
transition for the characteristic degeneracies of the broken
symmetry phase to be well developed (inset of Fig. 4).
We believe that the proximity of the critical point to

the Coulomb potential is the principal reason for the

FIG. 5. The overlap squared of the two model states as the
layer width w is varied in the n ! 1 Landau level. The inset
shows the boundary between striped and paired phases and how
layer thickness changes dV1 and dV3 as w is varied from 0 (at
the 3) to 1. The system crosses the phase boundary at w ! 0.3
along the solid line.
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We consider the two lowest Landau levels at half filling. In the higher Landau level !n ! 5"2#, we find

a first-order phase transition separating a compressible striped phase from a paired quantum Hall state,
which is identified as the Moore-Read state. The critical point is very near the Coulomb potential and the
transition can be driven by increasing the width of the electron layer. We find a much weaker transition
(either second-order or a crossover) from pairing to the composite fermion Fermi-liquid behavior. A very
similar picture is obtained for the lowest Landau level, but the transition point is not near the Coulomb
potential.

PACS numbers: 73.20.Dx, 73.40.Hm, 73.40.Kp, 73.50.Jt

A two-dimensional electron gas in an intense perpen-
dicular magnetic field displays a host of collective ground
states. The underlying reason is the formation of two-
dimensional Landau levels (LL’s) in which the kinetic
energy is completely quenched. In the macroscopically
degenerate Hilbert space of a given Landau level, only the
Coulomb potential remains, making the system strongly
interacting. The fractional quantum Hall effect [1], at
rational fillings of the Landau levels, is one instance of
such a ground state (GS). Other examples occur at half
integral fillings of Landau levels. In the lowest Landau
level, rxx shows a shallow minimum and no plateau [2] in
rxy . This behavior has been associated with a compress-
ible Fermi-liquid-like state [3] of composite fermions (CF)
[4]. In sharp contrast, a plateau in rxy and activated rxx
has been observed at filling factor n ! 5"2 [5], indicative
of an incompressible quantum Hall state. Above the sec-
ond Landau level, for n ! 9"2, 11"2, 13"2, the transport
is highly anisotropic [6–8], suggesting the GS is a com-
pressible charge density wave (CDW) stripe state [9–11].
Some years ago we proposed [12] a spin-singlet wave

function CHR for the 5"2 effect based on the idea of elec-
tron pairing [13]. Moore and Read (MR) [14], building
on the analogy of this state to Bardeen-Cooper-Schrieffer
pairing of CF’s, proposed a similar spin-polarized pairing
wave function CMR:

CHR!$zi , ai , bi%# ! Pf
i,j

∑
aibj 2 biaj

!zi 2 zj#2

∏
C

!n!1"2#
L , (1)

CMR!$zi , ai , bi%# ! Pf
i,j

∑
aiaj

zi 2 zj

∏
C

!n!1"2#
L , (2)

where a and b are spinor coordinates for up and down
spins, Pf&A' is the Pfaffian of an antisymmetric matrix A
[15], and C

!n!1"2#
L is the Laughlin state (for bosons).

Subsequently, Greiter, Wen, and Wilczek (GWW) [16]
suggested that the MR state may be a possible candidate
for the 5"2 effect. Recent numerical calculations by Morf

[17] show the polarized state to have a lower energy than
spin-singlet states even without Zeeman energy. Yet, these
studies have not established what the true nature of the
5"2 state is. In this paper we present evidence which sug-
gests that the n ! 5"2 effect indeed derives from a paired
state which is closely related to the MR polarized state
or, more precisely, to the state obtained by particle-hole
(PH) symmetrization of the MR state. We also show why
the transport may not be quantized [18] and may become
anisotropic upon tilting the field, as observed [19,20]. We
find a first-order phase transition from a striped phase to a
strongly paired state, after which the system evolves into
a Fermi-liquid-like state, either by a continuous crossover
to a weakly paired state or by a second-order transition to
a gapless state (our calculations cannot distinguish these
possibilities).
Our conclusions are based on numerical studies for up

to 16 electrons in two geometries: sphere and torus. The
torus is particularly convenient for investigating the na-
ture of the ground state at n ! 1"2. All three states of
interest—composite fermion Fermi surface, pairing and
CDW—are realized at flux Nf ! 2N (in units of flux
quanta). This avoids a problem on the sphere, where, for
a given N , different n ! 1"2 states occur at slightly dif-
ferent NF . We consider only states within a given Landau
level and discard the kinetic energy. The Hamiltonian is

H !
X̀
m!0

Vm
2

NF

X
q

e2!1"2#q2
Lm!q2#

X
i,j

eiq?!Ri2Rj #, (3)

where Ri is the guiding center [21] coordinate of the ith
electron, Lm!x#’s are the Laguerre polynomials, and Vm is
the energy of a pair of electrons in a state of relative angular
momentum m. These are the pseudopotential parameters
[21,22]. The magnetic length is set to 1. Unless otherwise
specified the data presented here is for ten fully polarized
electrons in a hexagonal unit cell.
The Fermi-liquid state is well described by a Fermi sea

of composite fermions [23,24], which on the torus is [24]
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V1 : pseudopotential parameter 
       describing the short-range interaction

    cf) For Coulomb potential, V1= 0.415419

- The paired character of the 5/2 exact ground state is observed in a narrow window of δV1.

- The overlap (squared) becomes 0.97 if the MR state is particle-hole symmetrized.
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Bilayer mapping study Jae-Seung Jeong & Kwon Park (in preparation)
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(zi � !j) B. I. Halperin, Helv.Phys. Acta (1983)
different densities in finite systems. We correct for this by
expressing the energies in units of e2/r0, where r0 is the
interparticle separation, and then replacing e2/r0 by its ther-
modynamic value. This is equivalent to multiplying the dis-
tance r in the expression of the interelectron interaction by
the factor !!N /! , where !N is the density of the finite sys-
tem. We find that, after correcting for the density in this
manner, the energy differences are only weakly dependent on
N and give reliable thermodynamic extrapolations, as shown
in Fig. 1. "In fact, the density correction makes only a small
correction to the energy differences for the large systems
considered.# The distance between the particles is measured
along the chord.
The energy of the composite-fermion wave functions will

be evaluated by the Monte Carlo method, with the lowest LL
projection handled by the standard method described in the
literature.30 We compute the energy per particle to within
0.01% using 107 Monte Carlo iterations. This is done for
several system sizes up to 2N!72.

IV. RESULTS AND DISCUSSION

We have evaluated the energies of various candidate
ground states at $!1/3, 2/5, 1/2, and 1 as a function of N,
and determined the thermodynamic value of the energy dif-
ference. The energy difference has been calculated relative to
the uncorrelated state % ($/2,$/2!0) in each case. We have stud-
ied a large class of confinement potentials, but will present
below results only for three quantum-well thicknesses as a
function of the electron density. The distance d separating the

FIG. 1. The energies of the bilayer states (1/3,1/3!1) and
(1/2,1/2!2) at $!1/2 as a function of 1/2N , where 2N is the total
number of particles. The energies are measured relative to the state
(1/4,1/4!0) with &E'E ($ ,$ !m)"E (1/4,1/4!0) . The layer thickness and
the layer separation are taken to be zero in this plot. In this and in
subsequent figures the energies are given in units of e2/(l0, where
l0!!)c/eB is the magnetic length and ( is the dielectric constant
of the background material.

FIG. 2. The thermodynamic energies of various bilayer
composite-fermion states at $!1/3 and 1, measured relative to the
energy of the uncorrelated state ($/2,$/2!0) as a function of layer
separation. Each layer is taken to be strictly two-dimensional in this
plot. The various states ($ ,$ !m) are explained in the text.

FIG. 3. Same as Fig. 2 for fillings $!2/5 and 1/2.

V. W. SCAROLA AND J. K. JAIN PHYSICAL REVIEW B 64 085313

085313-6

V. W. Scarola & J. K. Jain, PRB (2001)

Then, what is the resulting state if we antisymmetrize the exact bilayer FQH states for entire 
interval of d/l ?   (           bilayer mapping )

Approximate analytic ground state of bilayer FQH system for  ⌫ =
1

4
+

1

4
=

1

2

A : antisymmetrization over spatial part
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K =

s✓
2⇡P

x

a

◆2

+

✓
2⇡J

b

◆2
a

b
aspect ratio =

Jae-Seung Jeong & Kwon Park (in preparation)
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ratio = 0.80, δV1 = 0.02

- The size of the Hamiltonian  ~ 0.1 million 

- Lanczos method is used. 
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Lanczos method
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• Construct Krylov subspace Sm, spanned by a Krylov matrix, Km(f) = [f Hf ...  Hm-1f] 

• Let Qm be orthonormal basis obtained by QR factorization Km(f) = QmR, 
   then Tm = QmTHQm is a tridiagonal matrix.    ( Qm= [q1 q2 ... qm] )

• Due to the tridiagonality of Tm,  
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Exact diagonalization : A modified Lanczos method

Jae-Seung Jeong⇤

School of Physics, Korea Institute for Advanced Study, Seoul 130-722, Korea

(Dated: January 2, 2014)

I. DESCRIPTION OF THE METHOD

This note is based on the Ref. [1]. We would like to approximate the ground-state energy of a system described by
a Hamiltonian H.

(i) In the variational framework we should select a trial state | 0i that depends on some free parameters {�} as in
the usual Rayleigh-Ritz approach. If we operate with H over | 0i the result can always be written as

H | 0i = ✏0 | 0i+ b| ̃0i, (1)

where | ̃0i is a state orthogonal to | 0i. The constant ✏0 [= h 0|H| 0i] is the variational energy of | 0i, i.e., if we
minimize ✏0 with respect to {�} we get an upper bound for the energy of the true ground state | i. | 0i and | ̃0i
are orthogonal each other because

h 0|H| 0i = ✏0 + bh 0| ̃0i ! h 0| ̃0i = 0. (2)

The constant b is given by h ̃0|H| 0i that measures the departure of | 0i from | i, which can be real value since

if the b is complex, then its phase factor can be transferred to the | ̃0i. In that case, b = h ̃0|H| 0i = h 0|H| ̃0i.
Then, we can calculate b using Eq. (1) as

⌦
H2

↵
0
= ✏0 hHi0 + bh 0|H| ̃0i, (3)

⌦
H2

↵
0
= ✏0 hHi0 + b2, (4)

so

b = ±
⇣⌦

H2
↵
0
� hHi20

⌘ 1
2
, (5)

where hHnil = h l|Hn| li. In order to a ground state with minimum eigenenergy, we use positive b whose validity

was confirmed numerically. I am not sure that negative b gives rise to the maximum eigenenergy. Since | ̃0i =

(H| 0i � ✏0| 0i) /b from Eq. (1), we have h ̃0|H| ̃0i as,

h ̃0|H| ̃0i =
1

b2
⇥⌦
H3

↵
0
� 2✏0

⌦
H2

↵
0
+ ✏20 hHi0

⇤
, (6)

=
1

b2
⇥⌦
H3

↵
0
� 2hHi0hH2i0 + hHi30

⇤
(7)

⌘ c (8)

(ii) We may improve the initial trial wave function by considering as a new ansatz the linear normalized combination

| 1i =
| 0i+ ↵1| ̃0i
(1 + ↵2

1)
1
2

, (9)

⇤
Electronic address: jsjeong@gmail.com
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I. DESCRIPTION OF THE METHOD

This note is based on the Ref. [1]. We would like to approximate the ground-state energy of a system described by
a Hamiltonian H.

(i) In the variational framework we should select a trial state | 0i that depends on some free parameters {�} as in
the usual Rayleigh-Ritz approach. If we operate with H over | 0i the result can always be written as
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where ↵1 is a new variational parameter that may be easily found through minimization of the energy of state Eq. (9),
which is written as

hHi1 =
1

1 + ↵2
1

h
hHi0 + ↵1h 0|H| ̃0i+ ↵1h ̃0|H| 0i+ ↵2

1h ̃0|H| ̃0i
i
, (10)

=
1

1 + ↵2
1

⇥
hHi0 + 2↵1b+ ↵2

1c
⇤
. (11)

Here the Eq. (10) has a minimum value at

↵1 = f �
�
f2 + 1

� 1
2 , (12)

where

f =
hH3i0 � 3hHi0hH2i0 + 2hHi30

2b3
. (13)

We can check easily that the first derivative of Eq. (10) with respect to the ↵1 becomes zero for ↵1 = f � (f2 + 1)
1
2

by using mathematica program [2]. Then, inserting ↵1 [Eq. (12)] and c [Eq. (8)] into hHi1 [Eq. (11)], we can obtain
the improved energy which is written as,

✏1 = ✏0 + ↵1b. (14)

(iii) Now, repeat steps (i) and (ii) with replacement of | 0i, | 1i, ✏0 and ✏1 by | 1i, | 2i, ✏1, and ✏2.
(iv) Iteratively repeat steps (i), (ii), and (iii) with replacement of | ni, | n+1i, ✏n and ✏n+1 by | n+1i, | n+2i,
✏n+1, and ✏n+2 until

���1� |h n+1| n+2i|2
��� < tolerance, or (✏n+2 � ✏n+1)/✏n < tolerance. Then, the ground state and

eigenenergy are | n+2i and ✏n+2.
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Summary

The 5th KIAS CAC Summer School on Parallel Computing

- Exact diagonalization is a powerful numerical tool for studying many-body condensed
  matter physics. 

- n ≥106, parallel Lanczos method would be more efficient way to perform exact
  diagonalization 

- Parallel exact diagonalization is a essential numerical method to reveal the character
  of 5/2 FQH state, which could be utilized for fault-tolerant quantum computation.   
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